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Abstract. It is shown that the cubic nonconventional ergodic average of or¬ 
der 2 with Mobius and Liouville weight converge almost surely to zercQ. As 
a consequence, we obtain that the Cesaro mean of the self-correlations and 
some moving average of the self-correlations of Mobius and Liouville functions 
converge to zero. Our proof gives, for any N > 2 and e > 0, 
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1. Introduction. 

The purpose of this note is motivated, on one hand, by the recent great interest 
on Mdbius function from dynamical point view, and on the other hand, by the 
problem of the multiple recurrence which goes back to the seminal work of Fursten- 
berg [25]. This later problem has nowadays a long history. 

The dynamical studies of Mobius function was initiated recently by Sarnak in 
There, Sarnak made a conjecture that Mdbius function is orthogonal to any 
deterministic dynamical sequence. Notice that this precise the definition of reason¬ 
able sequence in the Mdbius randomness law mentioned by Iwaniec-Kowalski in |351 
p.338]. Sarnak further mentioned that Bourgain’s approach allows to prove that 
for almost all point x in any measurable dynamical system (X, A, T, P), the Mdbius 
function is orthogonal to any dynamical sequence f{T'^x). In [5], using a spec¬ 
tral theorem combined with Davenport estimation and Etmadi’s trick, the authors 
gave a simple proof. Subsequently, Cuny and Weber gave a proof in which they 
mentioned that there is a rate in this almost sure convergence |16] . They further 
used Bourgain’s method to prove that the almost sure convergence holds for the 
other arithmetical functions, like the divisor function, the theta function and the 
generalized Euler totient function. Very recently, using Green-Tao estimation |28j 
combined with the method in [2], Eisner in |22j proved that almost surely the dy¬ 
namical sequence where p is an integer polynomial, is orthogonal to the 

Mdbius function. She further mentioned that the Mdbius function is a good weight 
(with limit 0) for the multiple polynomial mean ergodic theorem by Qing Chu’s 
result [15]. Subsequently, in a very recent preprint [24], Host and Frantzikinakis 
established that any multiplicative function with mean value along any arithmetic 
sequence is a good weight for the multiple polynomial mean ergodic theorem (with 
limit 0 for aperiodic multiplicative functions). 

Here, we are interested in the pointwise convergence of cubic nonconventional 
ergodic average with Mdbius and Liouville weight. The convergence of cubic non¬ 
conventional ergodic average was initiated by Bergelson in [8], where convergence 
in was shown for order 2 and under the extra assumption that all the transfor¬ 
mations are equal. Under the same assumption, Bergelson’s result was extended 
by Host and Kra for cubic averages of order 3 in m, and for arbitrary order in 
[32] . Assani proved that pointwise convergence of cubic nonconventional ergodic 
average of order 3 holds for not necessarily commuting maps in [HE], and further 
established the pointwise convergence for cubic averages of arbitrary order holds 
when all the maps are equal. In Chu and Frantzikinakis completed the study 
and established the pointwise convergence for the cubic averages of arbitrary order. 

Very recently, Huang-Shao and Ye [34] gave a topological-like proof of the point- 
wise convergence of the cubic nonconventional ergodic average when all the maps 
are equal. They further applied their method to obtain the pointwise convergence 
of nonconventional ergodic average for a distal system. 


^See also [37], [48], [49], [50] 
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Here, we establish the pointwise convergence of cubic of order 2 with Mobius 
weight or Liouvihe weight. The proof depends heavily on the double recurrence 
Bourgain’s theorem (DRBT for short) [TT]. As a consequence, we obtain that the 
Cesaro mean of the self-correlation of Mobius function and those of Liouvihe func¬ 
tion converge to zero. 

Using Davenport estimation, we further deduce that some moving average of the 
self-correlation of Mobius function or Liouvihe function converge to zero, and they 
are summable along any divergent geometric sequence. The paper is organized as 
follows: 


In section 2, we recall the main ingredients needed for the proof. In section 3, 
we state our main results and its consequences. In section 4, we give a proof of our 
hrst main result when at least one of the maps has a discrete spectrum. In section 
5, we prove our second main result which assert that the Cesaro mean and some 
moving average of the self-correlations of Mobius and Liouvihe functions converge 
to zero. In section 6, we prove our hrst main result when at least one of dynamical 
system is a nilseystem. In section 7, we establish the Wiener-Wintner’s version 
of Katai-Bourgain-Sarnak-Ziegler criterion, and we end the section by proving our 
hrst main result. 

When this paper was under preparation, we learned that Matomaki, Radzwill and 
Tao [43] proved that for any natural number fc, and for any 10 < iL < X , we have 


,hk<H 


E 

l<n<X 


\{n+hi) ■ ■ ■ X{n+hk) 




^/ loglogg ^ 1 

\ logiL logS^A^ 




In the case fc = 2, this gives 


E 

l<h<X 


E Kn)Kn 

l<n<X 



log log g 
logg 


1 

log^ X 


HX . 


This last estimation is largely bigger to our estimation when H = X . 


We remind that besides, some estimation of limsup and liminf of some correla¬ 
tions of Liouvihe was obtain by several authors: Graham and Hansely, Harman- 
Pintz and Wolke, and Cassaigne-Ferenczi-Mauduit-Rivat and Sarkozy. We referee 
to m for more details and for the references on the subject. 


2. Basic definitions and tools. 

Recall that the Liouvihe function A : N* —> {—1,1} is dehned by 

A(n) = 

where B(n) is the number of prime factors of n counted with multiplicities with 
B(l) = 1. The integer n is said to be not square-free if there is a prime number p 
such that n is in the class of 0 mod p^. The Mobius function fi : N —> {—1, 0,1} 
is dehne as follows 

{ A(n), if n is square-free ; 

1, if n = 1; 

0, otherwise. 
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We shall need the following crucial result due to Davenport [20] (for a recent proof 
see [45]). 

Theorem 1. For any e > 0, for any N > 2, we have 



uniformly in t. 

By Batman-Chowla’s argument in [7] we hav^l 
Theorem 2. For any e > 0, for any N >2, we have 



uniformly in t. 


The Mobius and Liouville functions are connected to the Riemann zeta function 
by the following 


1 

C(s) 


V ^ and ^ 
1 n® C(s) 

n—1 ^\ / 


2 -^ 

n—1 


for any s G C with 5i(s) > 1. 


We remind that Chowla made a conjecture in m on the multiple self-correlation 
of fi as follows: 


Conjecture (of Chowla). For each choice of 1 < Oi < ••• < Or, r > 0, with 
is G {1,2}, not all equal to 2, we have 

(3) ^ M*“(?T-) ■ + ai) ■ ■ ■ • ■ /^*'■(^^ + Or) = o{N). 

n<N 

In |46j . Sarnak noticed that Chowla conjecture is a notorious conjecture in num¬ 
ber theory, and formulated the following conjecture: 

Conjecture (of Sarnak). For any dynamical system {X,T), where X is a compact 
metric space and T is homeomorphism of zero topological entropy, for any f G C{X) 
and any x € X, we have 

(4) ^ /(r"a:)Mn)=o(iV). 

n<N 


He further announced that Chowla conjecture implies Sarnak conjecture, and 
wrote “we persist in maintaining Conjecture (jT]) as the central one even though it 
is much weaker than Conjecture ((Sj). The point is that Conjecture ([3]) refers only to 
correlations of /r with deterministic sequences and avoids the difficulties associated 
with self-correlations.” For the ergodic proof of the fact that Chowla conjecture 
implies Sarnak conjecture we refer the reader to [1]0. 


Given an arithmetical function A (A : M — > C), and a positive integer € N, 
for n e {1, • • • , A^}, we define a self-correlation coefficient Cn^N of A by 


^See the proof of Lemma 1 in [ 3 . 

"^For a purely combinatorial proof see the references in [2] . 
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Cn,N{A) = ^ ^ A{rn)A{m + n). 

m—1 

According to Wiener [52], if the limit exists for each n, this gives the spectral mea¬ 
sure of A. 


Cubic averages and related topics. Let {X,B,F) be a Lebesgue probability 
space and given three measure preserving transformations Ti,T 2 ^T^ on X. Let 
/i,/ 2,/3 S L°°{X). The cubic nonconventional ergodic averages of order 2 with 
weight A are defined by 

^ A{n)A{Tn)A{n + fn)fi{T^x)f2{T^x)f3iT^x). 

n,m—l 

This nonconventional ergodic average can be seeing as a classical one as follows 

n,m—l 

where /i = ttq 0 fi,Ti = (S' 0 Ti), i = 1, 2, 3 and ttq is define by a: = (xn) '—> xq 
on the space Y = equipped with some probability measure. 

The study of the cubic averages is closely and strongly related to the notion of 
seminorms introduced in [55] and [35]. They are nowadays called Gowers-Host- 
Kra’s seminorms. 


Assume that T is an ergodic measure preserving transformation on X. Then, for 
any fc > 1, the Gowers-Host-Kra’s seminorms on L°°{X) are defined inductively as 
follows 


lll/llli = 



lll/lllf+Y=lim^^|||/./oT'|||f. 

1=1 

For each fc > 1, the seminorm |||.|||fc is well defined. For details, we refer the 
reader to [35] and [30]. Notice that the definitions of Gowers-Host-Kra’s semi¬ 
norms can be easily extended to non-ergodic maps as it was mentioned by Chu and 
Frantzikinakis in m- 


The importance of the Gowers-Host-Kra’s seminorms in the study of the non¬ 
conventional multiple ergodic averages is due to the existence of T-invariant sub- 
(T-algebra Z^-i of X that satisfies 

E(/|Zfe_i)=0^|||/||U = 0. 

This was proved by Host and Kra in [35]. The existence of the factors Zk was 
also showed by Ziegler in [53]. We further notice that Host and Kra established a 
connection between the Zk factors and the nilsystems in |32] . 
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Nilsystems and nilsequences. The nilsystems are defined in the setting of ho¬ 
mogeneous space 0. Let G be a Lie group, and L a discrete cocompact subgroup 
(Lattice, uniform subgroup) of G. The homogeneous space is given hy X = G/T 
equipped with the Haar measure hx and the canonical complete cr-algebra Be- 
The action of G on X is by the left translation, that is, for any g G G, we have 
Tg{xT) = g.xT = {gx)r. If further G is a nilpotent Lie group of order k, X is said to 
be a A:-step nilmanifold. For any fixed g G G, the dynamical system (X, Be, hx, Tg) 
is called a k-step nilsystem. The basic A:-step nilsequences on X are defined by 
f{g"‘xT) = {foTg){xT), where / is a continuous function of X. Thus, {f{g^xT))nez 
is any element of £°°(Z), the space of bounded sequences, equipped with uniform 
norm ||(a„)||oo = sup |a„|. A A:-step nilsequence, is a uniform limit of basic fc-step 

nilsequences. For more details on the nilsequences we refer the reader to [33] and 

B0 


Recall that the sequence of subgroups (G„) of G is a filtration if Gi = G, 
Gn+i C Gn, and [G„, Gp] C Gn+p, where [G„, Gp] denotes the subgroup of G gen¬ 
erated by the commutators [x,y\ = x y x~^y~^ with x G Gn and y G Gp. 

The lower central filtration is given by Gi = G and G„+i = [G, G„]. It is well 
know that the lower central filtration allows to construct a Lie algebra gr(G) over 
the ring Z of integers. gr(G) is called a graded Lie algebra associated to G [ini 
p.38]. The filtration is said to be of degree or length I if G/+i = {e}, where e is the 
identity of G. 

We denote by G® the identity component of G. Since X = G/F is compact, we 
can assume that GjG^ is finitely generated [JD]. 

If G is connected and simply-connected with Lie algebra g0, then exp : G—>■ g 
is a diffeomorphism, where exp denotes the Lie group exponential map. If G is 2- 
step nilpotent in addition, then the multiplication law in G can be expressed as 
follows in terms of the exponential map. 

exp(A). exp(y) = exp(A -1- F -I- ^([A, F])) for all X,Y G g, 

where [, ] is the Lie Bracket on g. We further have, by Mal’cev’s criterion, that g 
admits a basis X = {Xi, • • • , with rational structure constants [32], that is, 

m 

[A^j, ^ ( CijnXn, for all ^ ^ 1, J ^ k, 

n—l 

where the constants Cijn are all rational. Let us precise that the Mal’cev’s crite¬ 
rion allows us to assert that the correspondence between lattices in G and rational 
structures in G is almost one-one. 


^For a nice account of the theory of the homogeneous space we refer the reader to [19],[Si 
pp.815-919]. 

®The term ’nilsequence’ was coined by Bergleson-Host and Kra in 2005 [9]. 

^By Lie’s fundamental theorems and up to isomorphism, g = TeG, where TeG is the tangent 
space at the identity e [371 p.34]. 
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Let X = {Xi, - ■ ■ , Xm} be a Mal’cev basis of g, then any element g £ G can be 
uniquely written in the form g = exp (^iXi + 12 X 2 + • • • + t^X ^^, S K, since the 

map exp is a diffeomorphism. The numbers {ti,t 2 ,--- ,tk) are called the Mal’cev 
coordinates of the first kind of g. In the same manner, g can be uniquely written 
in the form g = exp(siXi). exp(s 2 -^ 2 )-• • • •exp(sm-^m), Sj S M. The numbers 
(si, S 2 , • • • , Sfc) are called the Mal’cev coordinates of the second kind of g. Applying 
Baker-Campbell-Hausdorff formula, it can be shown that the multiplication law in 
G can be expressed by a polynomial mapping x —> R"* [HI p.55], [77] . 

This gives that any polynomial sequence g in G can be written as follows 

9W = 7r'“>,-",7Sr<“>, 

where 71 , • • • , 7 m G G, pi : N —>■ N are polynomials m- Given n,h £ Z, we put 

dhg{n) = g{n + h)g{n)~^. 

This can be interpreted as a discrete derivative on G. Given a filtration (G„) on 
G, a sequence of polynomial g{n) is said to be adapted to (Gn) if dhi ■ ■ ■ dhig takes 
values in Gi for all positive integers i and for all choices of /ii, • • • , £ Z. The set 

of all polynomial sequences adapted to (G„) is denoted by poly(Z, (G„)). 


Furthermore, given a Mal’cev’s basis X one can induce a right-invariant metric 
dx on X m- We remind that for a real-valued function ^ on A, the Lipschitz 
norm is defined by 


M\l = ||(/'||oo +SUp 
x^y 


(t){x) - (j){y) 
dx{x,y) 


The set C{X,dx) of all Lipschitz functions is a normed vector space, and for any 
(j) and V' in C{X,dx), £ C{X,dx) and ||(^V’IU < II'^^’IIlIIV'IIl- We thus get, by 
Stone-Weierstrass theorem, that the subsalgebra C{X,dx) is dense in the space of 
continuous functions G(A) equipped with uniform norm ||||oo- 


It turns out that for a Lipschitz function, extension from an arbitrary subset 
is possible without increasing the Lipschitz norm. Thanks to Kirszbraun-Mcshane 
extension theorem [m p.146]. 


In this setting, we remind the following fundamental Green-Tao’s theorem on the 
strong orthogonality of the Mobius function to any m-step nilsequences, m > 1. 


Theorem 3. [281 Theorem l.lj. Let G/T be a m-step nilmanifold for some to > 1. 
Let {Gp) be a filtration of G of degree I > 1. Suppose that G/T has a Q-rational 
Mal’cev basis X for some Q > 2, defining a metric dx on G/T. Suppose that 
F : G/T —>■ [—1,1] is a Lipschitz function. Then, for any A > 0, we have the 
hound, 


sup 

gGpoly(Z,(Gp)) 


N 




< C 


(i + llflU) 

log^ N ' 


where the constant C depend on m,l,A,Q, N >2. 


We further need the following decomposition theorem due to Chu-Frantzikinakis 
and Host from [la Proposition 3.1]. 
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Theorem 4 (NSZE-decomposition theorem [18]). Let {X,A,ij,,T) be a dynamical 
system, f € L°°{X), and k € N. Then for every e > 0, there exist measurable 
functions fns,fz,fe, such that 

(a) II/kIIoo < 2||/||oo with K e {ns,z,e}. 

(b) f = fns + fz + fe with |||/z|U+i = 0; ll/elli < £; and 

(c) for fi almost every x & X, the sequence {fns{T^x))neti is a k-step nilsequence. 

3. Main results. 

We state our first main result as follows. 

Theorem 5. The cubic nonconventional ergodic average of order 2 with Mobius 
weight or Liouville weight converge almost everywhere to 0, that is, for any fi, f 2 , f 3 G 
L°°(X), for almost all x, we have 

1 ^ 

m,n=l 

and 

1 ^ 

\{n)\{m)X{n + m)h{Tfx)f2iT^x)MT-+^x)^^0. 

m,n—l 

The strategy of the proof of our main first result can be described as follows. 
We first give the proof when at least one of the dynamical system has a discrete 
spectrum. Using Leibman’s observation combined with Green-Tao’s estimation, 
we extend our proof to the case when at least one of the dynamical system is a 
nilsystem. As a consequence, we get that Sarnak’s conjecture holds for the class 
of nilsystems. Finally, we establish our first main result for the functions in the 
orthocomplement of Z 2 factor. 

Namely, the proof of Theorem [5] is divided in three sections. In section 4, we 
prove the following. 

Theorem 6. If for some i G {1,2,3}, Ti has a discrete spectrum. Then, the cubic 
nonconventional ergodic average of order 2 with Mobius weight or Liouville weight 
converge almost everywhere to 0, that is, for any fi, f 2 , f 3 G L°°{X), for almost all 
X, we have 

1 ^ 

iV ^' N^+00 

m,n —1 

and 

^ ^ X{n)\{m)X{n + m)MTfx)f2{T^x)MT-+^x)^^^^0. 

m,n—l 

In section m we establish the following. 

Theorem 7. If for some i G {1,2,3}, Ti is a nilsystem. Then, the cubic noncon¬ 
ventional ergodic average of order 2 with Mobius weight or Liouville weight converge 
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almost everywhere to 0, that is, 

1 ^ 

+ Tn)fi{T^x)f2{T:px)f3iT^^"^x) 0, 

m,n=l 

and 

^ ^ X(n)\{m)X{n + m)MT-x)MT^x)MT-+^x)^^0. 

m,n—l 

Finally, in section | 8 l we complete the proof by proving the following. 

Theorem 8. If for some i G {1, 2, 3}, the function fi is in the orthocomplement of 
the Z 2 factor, i.e. if for some i, then for almost all x, we have 

MW/^M/^(^ + H/i(T’rx)/2(r2™a;)/3(T3”+’"a:) —^ 0, 

iV ^' N^+00 

m,n—l 

and 

1 N 

^ ^ A(n)A(m)A(n + m)/i(rrx)/2(r-x)/3(T3”+-ai)^^^^0. 

m,n—l 

Notice that our result involves the self-correlation of fi. Furthermore, as far as 
we know the problem of the self-correlation of fj, is still open. This problem is 
known as Elliott’s conjecture and it can be stated as follows. 


Conjecture (of Elliott). [53] 


(5) 


lim Ch,N{fJ-) 
N —S-+00 ’ 



if h 7^0 
if not . 


P.D.T.A. Elliott wrote in his 1994’s AMS Memoirs that “even the simple partic¬ 
ular cases of the correlation (when h = 1 in ([S])) are not well understood. Almost 
surely the Mbbius function satisfies in this case, but at the moment we are 
unable to prove it.” 


Recently, el Abdalaoui and Disertori in [T] established that the L^-flatness of 
trigonometric polynomials with Mbbius coefficients implies Elliott’s conjecture. The 
L^-flatness of trigonometric polynomials with coefficients in { 0 , 1 ,—!} is an open 
problem in harmonic analysis and spectral theory of dynamical systems (see [3] and 
the references therein). 

Nevertheless, as a consequence of Theorem|31 we have the following result which 
seems to be new. 

Corollary 1. The Mobius function and Liouville function satisfy 
1 ^ 
n,m—l 

and 

1 ^ 

Y] A(n)A(m)A(n + m) ——^ 0 , 

I\^ ^^ 7V^+oo 

n,m—l 
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Proof. Take /i = /2 = /a = 1 in Theorem O □ 

Our second main result can be stated as follows. 


Theorem 9. For any p> 1 there exist two sequences of integer mi, ni such that 

[p™‘] 


1 


[p- 




■ni) 


and 




[p" 


l—¥-\-00 


^0, 


A(fc)A(fc + nO^^O. 




Z—>-+oo 

We further have, for any integer > 2, for any e > 0, 

N , N 




N ^\N 

n—1 m—1 


and 


N 


N 


n—1 m—1 

where C is a constant which depends only on e. 


< 


< 


C 


ln(iV)<= ’ 
C 

In(iV)'^’ 


This gives 


N 


N 


N 


XI hv ^ M(TO)/x(n + m) 


\N 

n—1 m—1 


N—¥-\-c>o 


-^ 0 , 


and 


1 

N 


N 


1 


N 




m 


N—¥-\-oo 


-A 0. 


n—1 m—1 

Before starting to prove our main results, let us point out that it is suffice to 
establish our result for a dense set of functions. Indeed, assume that the convergence 
holds for some /i and let g be such that ||/ — g||i < e, for a given e > 0. Put 

1 ^ 

V'n(/i,/2,/3) = ^ Y lJ‘{n)fx{m)n{n + m)fi{Tf‘x)f2iT^x)f3{T^^'^x). 


Then, 


IV'n(/i,/ 2,/3) - V’Af(g,/2,/3)| 

A N 

^ nT. M X + m)f2{T^x)MT-+"^x) 


< IIMIooll/alU^ E - 9iTrx )\. 


N 




n—1 


Letting N goes to cxi, it follows 

limsup|i/;Ar(/i,/ 2 ,/ 3 ) -'(/’A(ff,/ 2 ,/ 3 )| < ||/i -fflli < e, 


by Birkhoff ergodic theorem combined with our assumption. Notice that the maps 
Ti are supposed to be ergodic. From now on, without loss of generality, we will 
assume that Ti,i = 1,2,3 are ergodic. 
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4. On the discrete spectrum case. 

In this section, we focus our study on the case in which at least one of the maps 
Ti^i = 1,2,3 has a discrete spectrum. 

Proof of Theorem Let assume that Ti has a discrete spectrum and let fi be 
an eigenfunction with eigenvalue A. Then, for almost all x G X, we can write 


1 

1 

N 


N 


/x(n)/x(m)/x(n + m)fi{Tfx)f 2 {T:px)f 3 (T^+"^x) 


n,771=1 
N 


N N 

Y Y Kn)fi{n + m)A”/3(T3”+™a;) 


771=1 

N 


71=1 


< 


N N 


( 6 ) 


1 ^ 11 ^ 


71 + 771 


N ^ \N 

m—1 71=1 


Applying Cauchy-Schwarz inequality we can rewrite as 


N 


Y ^J-{n)^l(m)^l(n + m)fl{Tfx)f2{T^x)f3{T^""'^x) 


(7) 


N ^ N 


< ||/2||oo(^E + 

m—1 71=1 

Furthermore, by Bourgain’s observation m equations (2.5) and (2.7)], we have 


N ^ N 


E hv X! + w)a”/3(t[ 


71+771 


\N 

771=1 71=1 

N 


< 


N ^ N 2N 

m=l ^ n=l p=l 

N ^ 2N 

Y I E tJ‘ip)h{Tix)i 


( 8 ) 

/t V 

^ 71=1 p=l 

The last inequality is due to Parseval-Bessel inequality. Indeed, put 

N 2N 

^n{z) = (—EMHVz“")(EM(p)/3(7|a:)2:P). 


71=1 


p=l 


Then, for any m G Ij, 


$ 


. N 2N 

N{m) = / EmHVz-") 

n=l ^p=l 
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Whence 

N 


^ I / (;^ ''){^fJ‘ip)f3{TPx)zP^z ^dz = ^ |$iv(m) 

m—1 n—1 p—1 m—1 

< [ \^N{z)\‘^dz. 

Jt 


Now, combining ([7|) with © we can assert that 


N 


^ tJ'in)fJ‘im)fj,in + m)fi{T^x)f2{T^x)f3{T^^'^x) 

n,m—l 

N N 

- Km)h{T^x)- ^ MWAXn + m)MT-+^x 


(9) < ||/2|U( 

We thus get 

1 


1 

JV 2GT 


N 


1 . 2 r I 2 \ - 

j:7'^f^(n)X^z-^ / I ^/x(p)/3(T|’x)zP dzj". 

n=l p=l 


^ /x(n)M(m)M(n + m)h{T^x)MT^x)MT-+^x) 


n,m—l 


Af 1 i 

(10) < II/ 2 II 00 SUP — ^/x(n)z"’" .(—^|/x(p)|y ll/alloo, 

since the map z 1—>■ Az is a continuous bijection on the torus, and we have 

/ 2N 2 2Af 2N 

^ \ '^fJ-{p)f3{Tix)zP dz = Y^ |/x(p)||/3(r|’x)|2 < MpMfaWlo- 

-' P=1 P =1 P =1 

It follows from Davenport’s estimation o combined with m that for each 
e > 0, we have 

N 


2N 


1 

IP 


Y M(n)/x(m)/x(n + m)fi{T^x)f2{T^x)h{T^"^'^x) 


n,m—l 


c 


( 11 ) < 

where C is a constant which depends only on e. Letting go to 00, we conclude 
that the almost sure convergence holds. Moreover, by the same argument, the 
almost sure convergence to 0 holds with the Liouville weight, and the proof of the 
theorem is complete. □ 

5. On the self-correlation of Mobius and Louiville functions. 

Notice that we have actually proved 

Lemma 1. For any e > 0, for any N > 2, 


1 


N 


1 


N 


(12) H 

n—1 m—1 

where C is a constant which depends only on e. 


< 


C 


\a{NY ’ 
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Proof. This follows by combining ©, ®, (ED with m and by taking A = 1 and 

/3 = 1. □ 

At this point, the proof of the second part of Theorem |9] follows. 

Let p > 1, then for N = [p™] with some m > 1, (1121) takes the form 




ICn.Jvl < 


C 


n—1 


(m ln(p))' 


r, for any c > 0. 


By choosing e = 2, we obtain 


ICn^p™]! < +00- 

m>l J rt<[p”*] 


Let {5i) be a sequence of positive numbers such that 5i 
I > 1 there exists a positive integer mi such that 


- > 0. Then, for any 

I —^~1“00 


Uml |Cn,[pm]| < d;. 

m>mi ^ ^ 


This gives, for any m> mi ^ 

■j—^ T] |Cn,[p"*]l < <5;- 

J n<[p-] 

Hence, there exists n/ < [p"*] such that 

|Cni,[p™-i] I < <5/- 

By letting I go to oo, we get c„, rpmii - > 0. This prove the first part of Theo- 

remO 

Note that we have proved more, namely. 


Corollary 2. For any p > 1, 


E 

m>l 


1 


[p™] 



[p™] 

^ + n) 

k=l 


< + 00 . 


Remark 1. It is shown in [T] that if Sarnak’s conjecture holds with some technical 
assumption then the self-corrections of fi satisfy 


1 


N 

fi{n)n{n + k) 

n^-N 


-^0, 

iV—>-+oo 


for any < 0 [ 


^We extend the definition of to the negative integer in usual fashion. 
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6. On the nilsystem case. 

In this section, we present the proof of our first main result when at least one of 
the dynamical systems is a nilsystem. 

Proof of Theorem Let us assume that Ti is an elementary nilsystem of order 
s, that is, Ti is an ergodic s-step nilsystem on X = G/T, where G is a nilpotent 
Lie group of dimension s and L is a discrete subgroup. By the density argument, 
it suffices to prove the theorem for a nilsequence (/i(T"a;)), a: G X, /i is a contin¬ 
uous function on X. Now, by Leibman’s observation [ID], we can embed G into a 
connected and simply-connected nilpotent Lie group G with a cocompact subgroup 
r such that X = G/r is isomorphic to a sub-nilmanifold of X = G/T, with all 
translations from G represented in G. Furthermore, by Tietze-Uryshon extension 
theorem m p-48], we can extend /i to X. Hence, we are reduced to prove our 
main result for the nilsystems on X. 


Analyzing the proof given in section 21 we need to estimate 


sup 

zeT 


1 ^ 


n—1 


Again, by the density argument, we may assume that /i is Lipschitz. We further 
notice that the sequence (a„z“")„ can viewed as a nilsequence on X = G/T x R/T. 
But the group GxR is connected and simply-connected, and the function Fi{x, z) = 
fi{x)z~^ is Lipschitz. Then, we can apply Green-Tao’s Theorem (Theorem 1.1 in 
[25] ! for a given filtration (iL„) of G x K of length to > 1 . This gives, 

N 


sup 

zGT 


N 


J2tiin)MT-x)z- 


n—1 


< G 


1 + ll/ilU 

In^(X) ’ 


For any x4 > 0, uniformly on x and z. Letting N goes to infinity, we get 

. N 


sup 




N—¥-\-oo 


-A 0. 


Whence, 
1 


N 




N—¥-\-00 


-A 0. 


by (nni, which end the proof of the theorem. □ 

Note that we have proved the following popular and well-known result. 
Theorem 10. Sarnak’s conjecture holds for any nilsystem. 

7. On Wiener Wintner’s version of Katai-Bourgain-Sarnak-Ziegler 

CRITERION. 

As mentioned before, notice that the main ingredient, in the proof given in 
section 2, is based on the estimation of the following quantity: 


sup 


N 


n<N 
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It follows that to tackle the general case, we need to estimate the following quantity: 


(13) 


sup 

t 




The almost sure pointwise convergence of without the Mobius weight follows 
from Wiener-Wintner theorem. In this case, (m converges to zero almost surely 
provided that the spectral measure of / is a continuous measur^l, that is, / is in the 
orthocomplement of the Kronecker factor. In his 1993’s paper [41], Lesigne gave 
a modern proof of Wiener-Wintner theorem. The proof is based on the following 
van der Corput inequality (a proof of it can found in [35] )■ 


Theorem 11 (van der Corput’s inequality.). Let uq, • • • , un-i be complex numbers, 
and let H be an integer with 0 < H < N — 1. Then 


1 

N 


N-l 

n—O 


2 


< 


N + H 
N‘^{H + 1) 


N-l 


-I- 2 

n=0 


N + H 


H 


Y.(h + i 


where Re{z) denotes the real part of z gC. 


N-h-l 

h) Re X! 'U'n+hu^ ■ 

n=0 


If one tries to apply naively van der Corput machinery in our case, then this 
leads him to the study of the self-correlation of order 2 of /x which seems to be an 
outstanding problem as previously mentioned in section 0 This is due, as pointed 
by Sarnak in [49], to the lack of methods for the study of the self-correlation of /x. 
Nevertheless, there are methods to apply for the study of the correlation of /x with 
certain sequences. Thanks to the bilinear method of Vinogradov [51]. This allows 
Bourgain-Sarnak-Ziegler to produce a criterion as a tool in the study of Sarnak’s 
conjecture. Here, we state a Wiener-Wintner’s version of it ((WWKBSZ for short): 
Wiener-Wintner’s version of Katai-Bourgain-Sarnak-Ziegler criterion 0). 


Theorem 12 (WWKBSZ criterion). Let {X,A,ijl) be a Lebesgue probability spaee 
and T be an invertible measure preserving transformation. Let u be a multiplicative 
functioi^. Let f be in L°° with ||/||oo < 1 and e > 0 and assume that for almost 
all point X € X and for all different prime numbers p and q less than exp(l/c), we 
have 


(14) 


lim sup sup 

Af->oo t 


1 

TV 


N 

x) 

n—1 


g27r™(p-9)t f (TP"^x)f {T'^ 


< e, 


then, for almost all x G X, we have 


(15) 


lim sup sup 

N—^OO t 




< 2G£]ogAj£- 


^Recall that (Ty is a finite Borel measure on the circle determined by its Fourier transform 
given by df{n) = f f o ■ / dfi, n £ Z. 

^^Katai’s version of the criterion is stated in m- 

^^An arithmetical function u is said to be multiplicative if i/{mn) = z/(m)i/(n) whenever n 
and m are coprime. 
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Proof. The proof is, indeed word-for-word the same as that of Theorem 2 in |12) . 
except that at the equation (2.7) one need to apply the following elementary in¬ 
equality: for any two bounded positive functions F and G, we have 

sup(F(a;) -I- G{x)) < sup(F(x)) -I-sup(G(x)). 

□ 

It follows from the WWKBSZ criterion that we need to estimate (iMl) . But this 
follows by a careful application of van der Corput trick combined with Bourgain’s 
double recurrence theorem (BDRT for short) as it was shown by Assani, Duncan 
and Moore in [^. Precisely, they proved the following 

Theorem 13 (WW’s version of BDRT [^). Let {X, A, fP) be a Lebesgue probability 
space and T be an invertible measure preserving transformation. Let f,g € L°°(X). 
Then, for any k,l € li with \ max(fc, Z)| >0, for almost all x £ X, we have 

N 


m\z.) = 0 ^ sup 11 ^ e2-"‘/(r'="x)g(r'"a;) 


n—1 


N—y-\-oo 


-A 0. 


8. Proof of the main results-Theorem [H] and Theorem [51 

Without loss of generality we assume that 'E.{fi\z^) = 0. We start by rewriting 
the equation (jO]) and (ED in the following form 

N 


1 


/x(n)/x(m)/x(n -h m)fi{Tfx)f 2 {T:px)f 3 {T^+"'x) 


n,m—l 


(16) < 
and 


1 / 1 /■ I 2 i 

II/ 2 II 00 SUP — ^/x(n)/i(Ti"a;)z“" | ^/x(p)/3(r|’x)zP dz) ", 

n=l p=l 


N 


Jip Y fJ-{n)fJ^{m)fiin + m)fi{Tfx)f2iT^x)f3(T^~^'^x) 


1 ^ 

< ^||/2|U||/3||ooSup — ^/2(n)/i(Ti”x)2: 


2GT 


n—1 


(17) 

Since 

E(/i|2 .) =0, 

it follows that, for any k^l G ^ with | max(A:, /)| > 0, for almost all x G X, we have 

N 


sup 

t 


-E' 

N ^ 


‘/i(Tyx)/i(r(”x) 


A^—)-+oo 


^0, 


by WW’s version of BDRT (Theorem [T3|l . Whence 


sup 

t 


N 


N 




n ^ 2 ' 7 Tint 


n—1 


N —^-\-oo 


-aO, 


by WWKBSZ criterion (Theorem [12]). This combined with (flTl) gives 
1 ^ 

Y l^i'^)P'i^)P'i^ + ^)fiATfx)f2{T^x)f3{T^+"^x) 


N—y-\-oo 


-aO, 
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and the proof of Theorem |8] is complete. 


□ 


Remark 2. Notice that our result is valid if the weight is given by any multiplicative 
function u bounded by 1 and for which the following condition is satisfy 

N 


(18) 


sup 

g£poly{Z,{Gp)) 


^ iy(n)F(g(n)r) 


n—1 


N—¥-\-oo 


-ao, 


where (Gp) is a given filtration in a nilpotent group G, F : G/T —>■ [—1,1] is a 
Lipschitz function and G/T is equipped with the metric dx- We refer to condition 
as the strong Daboussi-Delange’s eondition. 

We end this section by giving the proof of our main result. 

Proof of Theorem [5l Let fi G Then, by NSZE-decomposition theorem 

(Theorem 0]) , we can decompose fi for A: = 2 as follows 

fl = /l,sc + fl,z + fl,e- 

By Theorem [3 combined with Theorem [8l we have 

N 


X! u{n)u{'m)u{n + m)fi^sc(Tfx)f2{T^x)fs{TJ/;+^x) 


iV2 


n,m—l 


iV—>-+oo 


-aO, 


and 


N 


X! P{rl)^l{m)^l{n + m)fl^^{Tfx)f2{T^x)h{T/f+^x) 

n,m—l 

Therefore, for almost all x € X, we have 

N 


N—¥-\-00 


-A 0. 


lim sup 

= lim sup 


1 

iv2 


^ U{n)u{rn)u{n + m)fi{Tfx)f2iT:px)f3{T^+"^x) 


n,m—l 
N 


u{n)u{m)u{n + m)fi^e(Tfx)f2iT^x)f3{T^^'^x) 


N 


< II/2II00II/3II00 limsup — |/i,e(T"a;)|. 


But, by Birkhoff theorem, for almost all a;, we have 


limsup ^ Y l/i.e('7""a:)| = ||/i,e||i < e. 


N 


N 


Whence 


limsup 


1 ^ 

Y Pin)u{m)u{n+m)fi{Tfx)f2i,T^x)f3{T^^'^x) < ||/2||oo||/3||ooe. 


n,m—l 

Since e was arbitrary, we conclude that 

N 

I 

lim sup 


1 


Y u{n)u{rn)fi{n + m)fi{Tfx)f2{T:^x)f3iT//+"^x) 

n,m—l 

which achieves the proof of our main result. 


= 0 , 


□ 
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Question. A natural problem suggested by our result is the following: do we have, 
for any fc > 3, 

^ E n ■'("«=)/.w*) 

tiG[ 1,N]'“ eGC* 

where n = (rii, • • • , Uk), e = (ei, • • • , Ck), C* = {0,1}*^ \ {(0, • • • , 0)}, n.e is the 
usual inner product, and v is a bounded multiplicative function which satisfy a 
strong Daboussi-Delange condition. 


A second question is related to Sarnak’s conjecture. Assume that T satisfy Sar- 
nak’s conjecture, do we have for any continuous function, for all x € X, 


sup 

t 


1 


N 


N ^ 

n—1 


(i{n)f{T^x)e 


27rint 


N—¥-\-oo 


> 0? (WWS) 


Notice that the topological entropy of the cartesian product of two dynamical flow 
on compact set is the sum of their topological entropy [29] . 
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